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The static polarized fluorescence experiment is investigated for the most general case of arbi-
trary orientation distributions of transition moments in the fluorescent sample and arbitrary re-
arrangements of transition moments during the excited fluorescent state. It is shown that all 
available information is contained in a tensor of fourth order. The maximum number of in-
dependent components of this tensor is 36. Hence in the general case 36 polarized intensities must 
be measured in order to utilize the maximum available information. For special symmetries of 
orientation distributions this number is drastically reduced. In the case of vanishing rearrange-
ment it is 15, for planar arrays (axial symmetry) not exceeding 11 and for spherical symmetry 
only 2. The results may be extended to the time-dependent polarized fluorescence experiment. 

Introduction 

It was Francis Perrin 2' 3 who first investigated 
the influence of Brownian rotation of macromole-
cules in solutions on fluorescence polarization. Since 
that time this theory has been confirmed and ex-
tended to anisotropic rotations and time-dependent 
depolarization by several authors (see e .g . 4 - 1 0 ) . 
Generally, from the polarized fluorescence experi-
ment with fluorescent molecules in solutions one can 
get information about the mobility of the fluorescent 
molecules. 

On the other hand fluorescence polarization re-
presents a possibility of measuring preferred orienta-
tions. E.g. orientations of amorphous polymers have 
been determined with the use of fluorescence polari-
zation experiments by Nishijima et al.11"12. The 
advantage of fluorescence polarization experiments 
compared with other methods of studying orienta-
tions such as birefringence and dichroism measure-
ments is, that generally they contain more informa-
tion 13. 

More recently, the interest in fluorescence polari-
zation for the study of mobility and orientation of 
pigment molecules in biological and lipid bilayer 
model membranes has increased (see among 
others 1 4 - 1 7 ) . The theoretical analysis of such experi-
ments is more complicated, because the influence of 
both, orientation and mobility (or more exactly of 
rearrangements of transition moments during the 
excited state) must be considered. 

The problem how to draw a conclusion from the 
results of the static polarized fluorescence experiment 
on the properties of the fluorescent sample leads 
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directly to the central question of this paper: which 
and how much independent information is in princi-
pal available? The answer to this question is impor-
tant for an economic performance of the theoretical 
analysis as well as for a minimization of the experi-
mental work without loozing information. The ques-
tion has been answered by the work of Desper and 
Kimura 13 under the restricting assumptions that the 
transition moments of absorption and emission are 
parallel, i.e. no rearrangement occurs, and that the 
orientation distribution of transition moments is 
biaxially symmetric. For this case they could show 
that all information is contained in six polarized 
intensities. 

In this paper we shall solve the problem for the 
most general case of arbitrary orientation distribu-
tions of transition moments and for arbitrary rear-
rangements of transition moments during the ex-
cited fluorescent state. The processes underlying 
these rearrangements, which cause a nonparallelity 
of transitions of absorption and emission, must not 
be specified. They may be rotational motion of the 
fluorescent molecules, energy transfer between fluo-
rescent molecules, nonvanishing angles between the 
transition moments within the molecules etc. All 
available information is contained in a tensor of 
fourth order. This "fluorescence tensor" has 36 
independent components. Hence 36 independent 
polarized intensities must be measured in order to 
utilize all available information. In case special sym-
metries or other properties of the fluorescent probe 
are known, the number of independent quantities is 
reduced. Special examples shall be discussed. The 
results may also be applied for time-dependent fluo-
rescence (de-) polarization. In this case the fluores-
cence tensor becomes time-dependent. 
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The Static Polarized Fluorescence Experiment 

Strongly simplified the fluorescence process may 
be described by 

rearrangement (reorientation) . . 
absorption — — emission. 

oi transition moments 

A schematic picture of the polarized fluorescence ex-
periment is given in Fig. 1: A monochromatic 

Fig. 1. Geometry of the polarized fluorescence experiment. 
(E, D, M =E,D,M.) 

linearly polarized light beam excites a fluorescent 
probe. The intensity of fluorescent light, emitted by 
this probe, is measured in arbitrary direction through 
polarizing analyzers. Cartesian coordinates (x, y, z) 
and spherical polar angles cp are introduced. The 
directions of polarization of incident light and of 
the analyzer are given by normalized vectors E, M 
respectively (E2 = M 2 = 1). The direction of dipole 
transition moments is given by normalized vectors 
D{#,(p) [seeEq. ( 4 ) ] . 

The following basic assumptions are used: 
I. The number of fluorescent molecules in the 

excited state is small compared with the total 
number of fluorescent molecules. 

II. Intensity and directional dependence of absorp-
tion and emission are described by the clas-
sical theory of oscillating dipoles. 

III. The extension of the fluorescent area is small 
compared with the distance to the detecting 
system (far-field assumption). 

IV. Existence of a stationary equilibrium distribu-
tion FA of transition moments of absorption. 

V. Existence of a stationary (fluorescence) inten-
sity of emission . 

The last two assumptions guarantee that the polariz-
ed fluorescence intensities in arbitrary directions 
are static if the fluorescent probe is excited by light 
of constant intensity. 

In the following three different distributions shall 
be used: the orientation distribution FAC$,99) of 
transition moments of absorption, the intensity of 
absorption / A (•#, cp) and the intensity of emission 

All three distributions are defined as den-
sities on the unit sphere. Under the assumptions I, 
II the intensity of absorption is proportional to F\ 
and cos2 W, where XF is the angle between the direc-
tion of polarization of incident light and the direc-
tion D (•#, cp) of transition moments of absorption in 
position ($,99). 

IA = PK'FAW,<P)-COS2 T(E,&,q>), ( L A ) 

F\(#, cp) is normalized to unity: 
J d.QFA = 1, d-Q = sin $ d# d<p . ( l b ) 

The integration is taken over the unit sphere. The 
factor P\ depends on different quantities, e.g. the 
intensity of incident light, concentration of the fluo-
rescent molecules and an apparatus constant. We do 
not specify this factor and shall use the reduced 
intensity I\ 

7 a = F a - C O S 2 ^ (1 c ) 

which is independent of the intensity of incident 
light J. If necessary, reduced quantities shall be 
marked by a bar (e.g. /—>-/). Because of assump-
tion I proportionality between /a and J can be 
assumed. 

In case no rearrangement of transition moments 
takes place during the excited state the moments of 
absorption and emission are parallel and the inten-
sity of emission is proportional to I\ . But gener-
ally a complex rearrangement of transition moments 
in the excited state must be considered. This rear-
rangement may be caused by complete different pro-
cesses: First, the transition moments of absorption 
and emission must not be parallel within the fluores-
cent molecule. Second, energy transfer between fluo-
rescent molecules may cause a significant rearrange-
ment. Third, a rearrangement of transition moments 
may be done by rotational motions of the fluores-
cent molecules or their chromophoric part in the 
excited state. 

Taking into account these or other possibilities of 
rearrangement from the intensity of absorption an 
intensity of emission /£ may be determined. Intro-
ducing the angle ^ between a moment of emission 
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in direction D (#, cp) and the direction of polariza-
tion M of the analyzer, the measured polarized fluo-
rescence intensity /jf is given by integration over all 
directions with as weighting function 

/M = PE' J d Q I E cp) cos2 * (M, <p). (2 a) 

« is the angle between a moment of emission in 
direction D and the polarization direction M of the 
analyzer. Omitting the factor of proportionality PE 

the corresponding relation for the reduced intensities 
/ E , /M is: 

7 m = J d ß 7 E c o s 2 * . (2 b) 

The Tensors of Absorption and Emission 

In the following vectors (and tensors) are alter-
natively written as quantities with indices: 

E ^ E a , D ^ Z ) a , M - > M a (3) 

etc. Latin indices range over 1, 2, 3. E1 is the ^-com-
ponent (x1 = x), Eo the ^/-component (x2 = y), Es the 
z-component (x3 = z) etc. The x, y, z-components of 
the normalized vectors D may be expressed by the 
angles cp: 

DX = D1 = sin $ cos cp, 
Dy = Z)2 = sin $ sin cp, 
DZ = DS = costf. (4) 

Regard the total absorbed intensity A, whidi is 
given by integration of /\ over the unit sphere. With 
cos W = E -D we get from (1, c ) : 

1 = fdO(ZEaDa)*FA. ( 5 ) 
a 

With the symmetric matrix AAB defined by 

AUB= $FADaDbdQ, AAB=ABA (6) 

from (5) follows immediately that A is given by 
AAB through 

A = 2 Aab Ea Eb . (7) 
a,b 

For arbitrary directions of excitation E the total 
absorbed intensity is determined by the 6 indepen-
dent components of AAB . AUB has the properties of 
a tensor of second order. For introduction to tensor 
calcules see e.g.18. Hence the quantity A is a scalar, 
i.e. independent of the special choice of (cartesian) 
coordinates. We call AAB the tensor of absorption. 
Because AAB is symmetric, there exist principal axes 
x*, y*, z*, with respect to which the non-diagonal 
elements of AAB vanish. The 3 eigenvalues of 

AAB are the components AAA in these coordinates 
x*, y*, z*. 

These results can be used in the polarized absorp-
tion experiment for measuring orientation distribu-
tions F A : In the most general case, where no sym-
metries of the orientation distribution are known, 
all information is contained in six quantities. If the 
principal axes are known (3 informations), this 
number reduces to 3. For axial symmetry and known 
principal axes it is 2. The definition (6) of AAB shows 
that with the polarized absorption experiment can 
be determined the multipole moments of the orienta-
tion distribution FA up to the quadrupole moments. 
The monopole moment is just the (invariant) trace 
2 ACC of AAB , which in the reduced case is normaliz-
c 

ed to unity. The dipole moment and all further odd 
moments vanish, because orientations D and — D 
are undistinguishable and hence the relation 

FA(#,<p) =F
a
(JT-<&,,7Z + ' cp) (8) 

is valid. The tensor of the quadrupole moments 
A 
Qab of FA is defined by 

2Qab= SFA(3DaDb- öab)dQ = 3Äab-dab. (9) 
The process of emission may be treated in com-

plete analogy if one replaces FA , E, A by , M, />£ 
respectively. We introduce the second order tensor 
of emission Iab 

lab=ihDaDbdQ, Tab = ha. ( 1 0 ) 

The measured polarized fluorescence intensity /M is 
for arbitrary direction M of the analyzer: 

HI = llABMAMB. ( 1 1 ) 
a,b 

Hence by the polarized fluorescence experiment are 
measured the multipole moments of the intensity of 
emission / E up to the quadrupole moment. 

Generally Iab depends on the direction of polariza-
tion E of incident light. For given E the maximum 
possible number of independent quantities is 6. The 
problem now arises, for which and for how many 
directions E the tensor of emission Iab must be 
measured in the polarized fluorescence experiment, 
in order to get all possible information about orien-
tation and rearrangement of transition moments. 
This problem will be solved in the next section. 

The Fluorescence Tensor 

Above we have mentioned different possibilities 
of rearrangement of transition moments during the 
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excited state. The following is as general as pos-
sible and not related to a special process under-
lying this rearrangement. We introduce a function 
F( ft, cp, ft', cp') 0, relating two orientations (ft, cp) 
and (ft',cp') in the following way: if a transition 
moment of absorption in orientation between (ft, cp) 
and (ft+dft, cp + dcp) is excited then with a proba-
bility proportional to F (ft, cp, ft', cp) d£? dQ' this ex-
citation induces an emission by a transition moment 
in orientation between (d',cp') and + 
cp' + dcp'). If two, three . . . transition moments in 
orientation (ft, cp) are excited, then the probability 
of emission in orientation (ft', cp') is greater by a 
factor two, three . . . In other words, the intensity of 
emission by transition moments in orientation 
(ft', cp') induced by excitation of absorption moments 
in orientation (ft, cp) is proportional to the intensity 
of absorption IA(ft, cp), i.e. proportional to the 
orientation distribution F\ (ft, cp) and cos2 W (E, ft, cp) 
[see Equation ( 1 ) ] . Essentially the described set up 
for F(ft, cp,ft', cp') may be justified by the assump-
tion I : Interactions between molecules in the excited 
state can be excluded, because their number is as-
sumed to be small. 

Hence for direction of polarization E of incident 
light the emitted polarized fluorescence intensity 
measured through an analyzer with polarization 
direction M is given by: 

m̂ = J cos2 x (M, ft', cpf) (12) 
• [J DQ F(ft, cp, ft', cp') Fa(ft, <p)cos2 W(E, ft,<p)], 

JJ dQdQ'F=\. 

By comparison with (2) follows 
/ E (E, ft, cp) = \ Dß F (ft, -cp, d',cp') 

•FA(ft,cp)coS*Y(E,ft,(p). (13) 

The relation (12) suggests the introduction of the 
following four-indexed quantity FABCD: 

FABCD = $dQ'Da(ft',cp')Db(ft',<p'). 
• [J d Q F ( f t , cp, ft', cp') F a ( f t , cp) Dc(ft, •cp) 
-Dd(ft,cp)}. (14) 

Fabcd satisfies the symmetry relations 
Fabcd = FBACD = FABDC . (15) 

For given M and E holds 

hi = 2 Ma Mb " abed EcEd. (16) 
a,b,c,d 

By comparison with (7) , (11) we see that Fabcd 

contains the tensors of absorption and emission 
through 

ÄCD = 2 FAACD ( 1 7 a ) 
a 

and 

lab — 2 Fabcd Ec Ed • (17 b) 
c,d 

Faicd has the properties of a tensor of fourth order. 
As consequence the central relation (16) is indepen-
dent of the special choice of (cartesian) coordinates. 
We call Fabed the fluorescence tensor. 

From the symmetry relations (15) follows, that 
the maximum number of independent components 

Fabcd is 36. This means that in the experiment 35 
independent quantities are available being indepen-
dent of the absolute intensities. For special sym-
metries of orientation distributions and special types 
of rearrangement of transition moments this number 
may be reduced drastically. Examples are discussed 
in the next section. By measurements of /M in dif-
ferent directions of excitation and analyzer the com-
ponents of Fabcd may be calculated by a system of 
linear equations according to (16). Excitation with 
circularly or elliptically polarized light yields no 
further information because these polarizations may 
be considered to te a superposition of different 
linear polarizations. 

Special Examples 

a) Parallel transition moments of absorption 
and emission 

In case no rearrangement can take place during 
the excited state, the transition moments of absorp-
tion and emission are parallel and (14) simplifies to 

Fabcd = $dQFADaDbDcDd. ( 1 8 ) 

Fllbrd is now totally symmetric: 

Fabed = Fbacd = Fabdc = Facbd • (19) 

With (19) the maximum number of independent 
components of Fabcd is reduced to 15. Fabcd contains 
the even multipole moments of the distribution FA 

up to the hexadecapole moment. As mentioned 
above [cf. (8) ] the odd moments (dipole, octopole 

A 
etc.) of FA vanish. The hexadecapole Qabcd FA 

is with (4) (in Cartesian coordinates) given by: 
Qabcd = J dQ FA • i { ( 3 6 Da Db Dc Dd) -

- 5 (Da Db bcd + Da Dc dbd + Dri Dd dbc + 

+ Db Dc dad + Db Dd dac + Dc Dd dah) 

+ (dab ded + dac dbd + bad ?>bc) } ( 2 0 ) 

with 
, _ | 1 for a = b 
^ " l O for 
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The first bracket on the right hand of this relation 
is given by Fabc(i » the second is determined by the 

A 

quadrupole tensor Qab and the third by the mono-
pole moment of FA . 

The number of independent components is further 
reduced for special symmetries of orientation distri-
bution Fx . Substituting cp by x, y, z D̂ h symmetry 
(biaxial symmetry) is defined by 

FA(X, V,Z) = FA (~x,y,z) =FA{x, -y,z) 
= FA(x,y,-z). (21) 

Then according to (20) only the six independent 
components Faabb are nonvanishing. This is in agree-
ment with the results of Desper and Kimura 13 who 
derived the symmetric matrix Sab with the compo-
nents 

Sab ~ Faabb 

to be relevant for the analysis of the experiments. 

b) Axial symmetry of F,cp) 

In many cases, e.g. for fluorescent molecules in 
planar arrays 14~17, the orientation distribution FA 

is axially symmetric. If the axis of symmetry is 
known, it can be chosen to be the z-axis (# = 0) . In 
these coordinates FA is independent of cp. The tensor 
of absorption Aab is diagonal and from (17 a) fol-
lows 

2 Faacd, — 0 f o r c + d. ( 2 2 ) 
a 

The two eigenvalues Axx, Ayy are equal. By excita-
tion E parallel to the z-axis (Ex = Ey = 0, Ez = 1), 
perpendicular (Ex = l, Ey = Ez = 0) and in an inter-
mediate direction (e.g. Ex = Ez = l / ] /2 , Ey = 0) the 
components Fabzz, Fabxx and Fabxz can be measured. 
The other components of Fabcd are not independent. 
For excitation parallel to the z-axis, the rearrange-
ment must be independent of cp and the tensor for 
emission Iab is in diagonal form with l x x = I y y . 
Hence Fabzz = 0 for a =)= b and Fxxzz = Fyyzz: 2 com-
ponents of Fabzz are independent. For excitation per-
pendicular one eigendirection of Iab is the z-axis 
and Fazxx = 0 for z #= xa. Hence 4 components of Fazxx 

are independent. Finally excitation in intermediate 
direction (EX = EZ= 1/"|/2) determines Fabxy ac-
cording to (17b) through: 

Iab = h{Fabxx +Fabzz) +Fabxz. (23) 
Because of relation (22) only 5 components of 
Fabxz are independent. 

Therefore the maximum number of independent 
polarized intensities, i.e. components of FabC(i, which 
must be measured in the axial symmetric case, is 
not exceeding 2 + 4 + 5 = 11. Often for special as-
sumptions about the rearrangement this number 
can be further reduced. 

c) Isotropic distributions 
As a last example we consider isotropic orienta-

tion distributions. Isotropic distributions are given 
for molecules in solutions or for molecules incor-
porated into spherical membranes. In the classical 
theory of fluorescence depolarization only one degree 
of polarization (or alternatively the molecular aniso-
tropy) is used for the analysis of the polarized fluo-
rescence experiment, i.e. two absolute intensities 
polarized parallely and perpendicularly to the direc-
tion of excitation E. 

Indeed it may easily be verified that generally in 
the isotropic case the number of independent compo-
nents of the fluorescence tensor Fabc(j is two. 'Iso-
tropic case' means that not only the stationary distri-
bution FA is isotropic but also the surrounding 
medium. No direction is marked out concerning the 
processes of absorption, rearrangement and emission. 
Because the orientation distribution FA does not 
depend on cp the tensor of absorption is in diago-
nal form for arbitrary choice of (cartesian) co-
ordinates x, y, z and the three eigenvalues are equal. 
Only one component of Aab is independent and an 
experiment with one (arbitrary) direction of excita-
tion E yields all available information. One eigen-
direction of the tensor of emission lies parallel to E. 
The corresponding eigenvalue is usually called /|| . 
From the assumption of isotropy follows that the 
intensity of emission is axially symmetric with $ = 0 
as axis of symmetry, i.e. the two eigenvalues of 
I a b , belonging to the eigendirections perpendicular 
to E, are equal. Usually they are called / H e n c e in 
two independent components /||, 7j_ of Iab and there-
fore of Fabcd all available information is contained. 

With 7||, I the degree of polarization P 

P = ( / | | - / l ) / ( / , l + / l ) 
may be defined, which is independent of the absolute 
intensities. 

Discussion 

As we have seen, by the static polarized fluores-
cence experiment the multipole moments of the 
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orientation distribution of absorption moments can 
be determined up to the fourth (hexadecapole) 
moments if the transition moments of absorption and 
emission are parallel. In the general case of arbitrary 
rearrangement at least the information up to the 
second (quadrupole) moments is contained in the 
fluorescence tensor Fabcd, because according to 
(17 a) the tensor of absorption Aab is uniquely 
given by Fabcd • Therefore Aab may be determined 
by the polarized absorption experiment as well as by 
fluorescence polarization measurements. Generally 
fluorescence polarization yields additional informa-
tion about rearrangement and orientation. But a 
general statement that from Fabcd the orientation 
distribution may be determined up to the hexadeca-
pole moments, is not possible. There are simple 
theoretical examples, where all information about 
higher multipoles than the quadrupole is lost during 
the rearrangement: When the transition moments 
are equipartitioned over the unit sphere during the 
excited state, the emission is isotropic. Obviously 
this means that Fabc(i = 0 for a 4= b and 

& xxcd = FyyCd = Fzzcd — 5 . 
Therefore in Fabcd is contained not more informa-
tion about FA than in Aab . In addition, of course, 
important information about the process of rear-
rangement is obtained. 

1 F. Perrin, J. Phys. Rad. 7, 930 [1926]. 
2 F. Perrin, Ann. Phys., Paris 10, 169 [1929]. 
3 F. Perrin, J. Phys. Radium 7, 1 [1936]. 
4 R. Memming, Z. Phys. Chem. 28, 168 [1961]. 
5 J. R. Lombardi and G. A. Dafforn, J. Chem. Phys. 44, 

3882 [1966]. 
6 T. Tao, Biopolymers 8, 609 [1969]. 
7 R. D. Spencer and G. Weber, J. Chem. Phys. 52, 1654 

[1970]. 
8 G. Weber, J. Chem. Phys. 55, 2399 [1971]. 
9 Ph. Wahl, C. R. Acad. Sei. Paris 263, 1525 [1966], 

10 T. J. Chuang and K. B. Eisenthal, J. Chem. Phys. 57, 
5094 [1972]. 

11 Y. Nishijima, Y. Onogi, and T. Asai, J. Polymer Sei. 
Part C 15, 237 [1965]. 

The whole formalism used in this paper may be 
applied also for the time-dependent fluorescence 
polarization experiment. Instead of F(ft, <p, ft', <p') 
one has to introduce a time-dependent function 
t 

F(ft, <p, ft , <p , t), which is defined as follows: if 
transition moments of absorption in orientation 
between (ft, <p) and (# + d#, <p + dcp) are excited 
at time t = 0 then with a probability proportional to 
F (ft, <p, ft', <p , t) dQ dQ' dJ this excitation induces 
an emission in the time interval [t, Z + df] by transi-
tion moments in orientation between (ft',<p') and 
(ft' + dft',<p' + d<p'). The resulting fluorescence tensor 
t 

Fabcd is now time dependent and determines the 
polarized fluorescence intensities measured at time 
t, when the probe is excited by a short light pulse 
at time t = 0. Measurements of the time dependence 

t 
of Fabcd yield important information on the pro-
cesses determining the rearrangement of transition 
moments (e.g. coefficients of rotational diffusion), 
if their typical relaxation times are comparable 
with the fluorescence life-time. 

Acknoivledgement 

I thank Prof. P. Läuger for discussions and 
critically reading the manuscript. 

12 Y. Nishijima, J. Polymer Sei. Part C 31, 353 [1970]. 
13 C. R. Desper and J. Kimura, J. Appl. Phys. 38, 4225 

[1967], 
14 R. A. Badley, H. Schneider, and W. G. Martin, Biochem. 

Biophys. Res. Commun. 45, 174 [1971]. 
15 R. A. Badley, W. G. Martin, and H. Schneider, Bio-

chemistry 12, 268 [1973]. 
16 J. Yguerabide and L. Stryer, Proc. Nat. Acad. Sei. 68, 

1217 [1971]. 
17 E. Frehland and H.-W. Trissl, J. Membrane Biol. 21, 

147 [1975]. 
18 E. Klingbeil, "Tensorrechnung für Ingenieure", Biblio-

graphisches Institut Mannheim 1966. 


